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Abstract

Optomechanical systems are often required to operate across a wide temperature range, which can significantly affect
their performance. In this paper, we describe the impact of temperature changes on typical optomechanical systems
and present our investigation into thermal stresses caused by continuous edge, six point, and face elastomeric bonds
using both analytical methods and finite element models (FEM) software. We calculated analytical equations for the
thermalized edge bond thickness, thermal stress, and the thermal optical path difference (OPD) where possible, and
verified them through finite element solutions. The thermal OPD varies with temperature and can cause thermo-optic
distortion, which can pose serious challenges for high-resolution optical systems. Our analysis shows that simple
analytical solutions provide low estimation errors for thermal stresses and can be highly valuable for decision-makers
and optical engineers during the development phases of space optomechanical systems.
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1. Introduction

The precision of opto-mechanical systems under a drop temperature require athermal mounting structures.
High performances of lens mounting require integrated optomechanical analysis to predict optical
performance. This requires that an analytical method and finite element analysis (FEA) bring out the relative
importance of different lenses and material parameters. also, it gives some insight into different stress analyses
in which the bonds might fail.

Several research studies were conducted in the field of athermal design, starting with a lens design provided
by the optical designer, to create a structure, which the mount minimize thermo-elastic stresses and maintain
the axial/radial alignment of a lens element. In addition, to minimize the axial and lateral stresses
considerations, the mechanical designer called for an incredibly low distortion with the guidance of Daniel
Vukoratovich [1] a sub-cell approach using elastomeric bond material, when the elastomeric mounting method
adjusts the thickness of a bondline filling the gap between a lens and a cell [2]. The problem of athermal
bonding thickness was first proposed by Bayar [3] used a simple equation using CTE (coefficient of thermal
expansion) differences of the various materials in the lens mount to arrive at the optimum bond thickness.
Another athermal bondline equation is the Muench [4-5] derived an equation using CTEs and Poisson’s ratio.
From Deluzio [6] derived an equation for an athermal bondline that accounts for the hydrostatic effect of the
in-plane strains of the bond being essentially zero. The next equation published is Van Bezooijen [7] the
required athermal radial thickness is given if the elastomer is constrained in radial and axial directions. An
intermediate approximation between the upper and lower limits of the required elastomer thickness which
includes the bulging of the elastomer as the temperature changes is given by Monti’s aspect ratio
approximation [8-9].

Actually, several simple analytical equations were discussed, including thermal stress, radial stress and lens
diffraction limited by calculated optical path difference (OPD) [10]. This study has listed the material
properties for glasses, metal, and adhesive. While one usually thermal stress with the stresses that arise from
drop temperature service condition on materials with dissimilar thermal expansion coefficient, such this
difference about coefficient reduces thermal stress between the lens and mount, and can cause low stresses in
the lens. Additionally, for radial stress in lens assembly occur because of the mismatch in coefficients of
thermal expansion of lens, bonding layer and barrel. The radial stress [9] depends greatly on the properties
mechanical of all assembly material and temperature change. Another way in which the mechanical stress
influences the optical performance is directly through deformation of optical surfaces. Axial deflection of
optical surface can contribute to Wavefront error. Wavefront errors are often given in the form of an optical
path difference (OPD) [11]. Sparks and Cottis [12] provided equations for the minimum thickness required to
reduce the OPD from pressure -induced distortion to an eighth the wavelength. A maximum OPD of an eighth
the wavelength is below the diffraction limit for an optical component (Rayleigh criteria) [13-15].

After a brief discussion on the existing research basics of the effect athermal bond thickness and different
stress analysis on lens, this paper will provide an overview of the finite element analysis by evaluated design
between the parametric analytical analysis and the FEA [16] to achieve an optimal design for mounting a lens
to consider reduction the Gap and radial stress in the lens.

2. Structural analysis

Many optomechanical system are attached to their mounts with a thin adhesive layer. Furthermore, a six
number of contact glue pads mount to be perfectly kinematic with an adhesive bond. The bond area required
to handle the environment loads can be large enough to require an analysis of the bond layer effects on the
performance optic. Bond layers cause distortion of optics due to the following:

- Bond layer relative growth due to a mismatch of CTE

- Bond layer contraction during curing

- Bond layer growth due to moisture absorption
A simple technique for mounting lenses is illustrated schematically in Fig.1. shows are typical design for a
lens fixed in barrel by assembly structural using epoxy adhesive bonding. EA 2216 epoxy made by 3M has
been used for this purpose and is representative of that class of elastomer. Its outgassing characteristics are
sufficiently low for it to be used with great success in space applications. All the mechanical properties
materials of barrel, lenses and adhesives are presented in Table 1. Unfortunately, values for important
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properties such as Poisson’s, Young’s Modulus and thermal expansion coefficient (CTE) are generally
available for these materials.

Bottom
Glue pad surfac
Lens 2
‘i.% Top
E surfac Lens 1
‘Immélriaue —

Fig. 1. A lens mounting configuration

Table 1. Parameters defining the materials

Part Barrel Glue Lensl Lens2
Material Aluminium Epoxy N-SF11 NK-5
Young’s Modulus (4700+70) for
E(MPa) 69000 (-40°C+20°C) 92000 71000
Poisson’s Ratio v 0.2 0.39 0.257 0.224
Coefficient of Thermal
Expansion 0.23 102 8.5 8.2
CTE.10°¢/K)
Thermal Conductivity
) (W/m.K) 184 - - 0.81
Mass Density
o (Ke/m?) 2801 1260 3220 2590

The detailed view in Figure. 1 illustrates one method for securing the lens in position and containing the
elastomer during the curing process. The barrel, constructed from Aluminum and coated with a mold release
agent, is removed once the curing is complete. The elastomer is typically injected using a hypodermic syringe
through access holes that are radially oriented in the mount until the area surrounding the lens is filled, as
shown in Figure 2.

&

Glue pad
injected

| [ 1 | [ | |

Fig. 2. Holes the lens mount

To ensure optimal mitigation of the effects of thermal expansion, it is recommended to undersize the bore.
This will allow the elastomer layer to achieve the desired thickness, denoted as A, which in turn results in an
athermal assembly in the radial direction to a first order approximation. Such an approach minimizes stress
buildup within the optomechanical components, which typically arises from differential radial expansion or
contraction of the lens, barrel, and glue pad under varying temperatures. The Bayar equation can be used to
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calculate the ideal athermal radial elastomer thickness, assuming the elastomer is in a zero-stress condition,
and considering the radial change in clearance between the lens and barrel width;

X _ocoptic

h = Toptic————————
r,Bayar optic K—,, (1)

Where:

Toptic  Lhe lens ratio in mm

a,  The thermal expansion coefficient of the barrel (ppm/°C)

@optic  The thermal expansion coefficient of the lens (ppm/°C)

ag The thermal expansion coefficient of the glue pad (ppm/°C)

The Bayar equation neglects the effects of Poison’s ratio and confinement of the elastomer.
Another equation for h,that does include the effect of Poison’s ratio is the so-called “Muench equation”
where the elastomer’s bulk CTE is used:

1 = vm). (am - aoptic)

g — Uy + Vg- (aG - aoptic)

hr,Muench = Toptic

Deluzio presents an equation to athermal size adhesive bonds expressed in equation (3)

[ 1
R g 1-vg I Im — Qoptic I (3)
ripetuzio T IOPHC] g .ll(a Copeic) (7 = 6v6). (@m — Aopeic) |
G optic) 4.1 +vg)

Van Bezooijen define the upper and lower limits of the required elastomer thickness in radial and axial
direction. In the axial direction, the elastomer is constrained to the surface of lens and barrel. The optimum
athermal elastomer thickness h,. is:

Am — Aoptic

h = Topti
T.VB optic t — o + ZVG A — aoptic + Am (4)
G m 1- Vg G 2

With v is the Poisson’s ratio of the elastomer

Monti’s aspect ratio approximation equation includes the bulging of the elastomer as the temperature
changes. The aspect ratio approximation is closest to results from finite-element analysis. The optimum
athermal radial thickness is given by:

—b +Vb?% — 4ac 5
hymar = %4 (5)
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a= __VG(aG _ M) c= _roptic(l - VG)(am - aoptic)
L 2
Aoptic T @
b=1-vg)ag —ap) + 2vg (aG - %)
Where L is the length of elastomer
are listed in Table.2
Table 2. Athermal bond thickness comparison
Equation Bayar Muench Deluzio Van Bezooijen Monti’s

Lens 1; N-SF11, 50 mm diameter, 74.78 mm Radius of curvature, 16 mm Center thickness

h, (mm) 2.0315 0.9229 0.9166 0.9229 0.9088

Lens 2; N-K5, 40mm diameter, 207.93 mm Radius of curvature, 8 mm Center thickness

h, (mm) 1.5663 0.7109 0.7063 0.7110 0.6945

From Table 2, the inaccuracy of equation Bayar is offset by the low stiffness of the elastomers typically
used to bond the lens into the barrel. The radial thickness given by the Bayar equation is greater than that
given by equations 2 through 5, which provides additional radial compliance to reduce thermal stress.
However, approaches of Muench, Deluzio, Van Bezooijen and Monti’s equations track very closely and
can be used for most athermal optimum bundling calculations.

- The bonding surface should be as dry as possible prior to bonding
- Optics made from brittle materials need polished surface at the bonding to maximize strength
- Keep bonds away from the surface interfaces of the optic

3. Thermal analysis

In optomechanical design, the correct attachment of the six-point edge glue pad of lenses to barrel structures
is crucial. Opto-elasticity due to thermal stresses and radial stress at the optic/bond interface is a major concern.
Thermal stress arises due to differences in the coefficient of thermal expansion (CTE) between the glue pad
and lenses when the adhesive is attached to the surface of the lens. Typically, the adhesive is made of an epoxy
with a high CTE material. The CTE values for the adhesive, lenses, and barrel have a qualitative relationship
where ag > @y > Agpric- Most epoxies have low elastic moduli, but are nearly incompressible. Young’s
modulus increases with decreasing temperature [17], and Poisson’s ratio is close to 0.4. The mismatch of
thermal expansion coefficients, in conjunction with the low compressibility of the epoxy, can cause high
stresses in the epoxy layer. The thermal stress depends greatly on the bond thickness, and the thickness can be
adjusted to minimize or even eliminate the stress. The thermal stress in the optic can be given approximately
by [18]:
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Ve
I+1—%;

1+VG

or = _EG' E.

Ah 2vg (am - aoptic)
= — - AT
£ he+Ah{aG l—va[ 2 %

Where; Eis the elastic modulus of the glue pad, Ah, is the variation in glue pad thickness, and AT is
temperature difference.

Table 3. Thermal stresses for each element lens in MPa for different temperatures

Temperature (°C)

20 0 -5 -10 -20 -25 -30
Thermal stress (MPa)
Lens 1 0 8.9593 12.5243 145585 26.0284 74.7434  155.180
Lens 2 0 8.9505 12.5110 145397 259964 74.7036  155.131

Bonding of the lenses mount hardware occurred at room temperature (about 20°C), while the service
temperature was as low as seven different values (20, 0°C, -5°C, -10°C, -20°C, -25°C and -30°C). From
Table.3. Further weak in temperature will increase the thermal stress, which is detailed in the following points:

- The thermal stress increases from 20°C to -30°C for both lenses

- All constraints are zero in the vicinity of the ambient temperature for both lenses

- All constraints are almost equal for both lenses, which explained the presence of a parameter’s
mechanicals temperature gradient, the thermal stress is proportional to the thermal distortion
coefficient for space applications. Indeed, small difference in CTE the lenses, we found these results.

In summary, our analysis suggests that the lens is held in place by the glue pad, and slippage occurs between
the two surfaces when there is a change in temperature. This slippage limits the thermal stress to a negligible
level that is unlikely to cause issues, but it is still advisable to examine for any possible radial stress optic
effects. However, to determine the optimal solution, further investigations are needed to calculate the radial
stress at the optic/bond interface when there is a sudden temperature drop. This drop may lead to a radial force
exerted on the lens rim, resulting in radial compression and generating radial stress. The degree of
approximation considered only accounts for thermal stress and radial stress, which can adversely affect the
optic's performance if they reach a significant level. In severe cases, these stresses may cause the lens to fail
or the mount to deform. Therefore, a more thorough investigation is required to arrive at an optimal solution.

Radial stress is induced in the lens when the temperature is lowered enough for the barrel to come into contact.
The radial stress from the temperature change AT at the lens/bond interface as a function of bonding thickness
is given by [19]:

E;.AT 2(5 — 4vp)r2 1

o =7 =20 (570 (am — aopn’c) 2 = rozptic T —4(1 4+ vg)(ag — Aopric (7)

Toptic

Where;

Toptic 18 radius of lens,

Tin = Toptic + h with h is the radial wall thickness of the barrel,
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Table.4, gives the radial stress foe each element ’lens’ in MPa for different temperatures.
Table 4. Radial stress for each element lens in MPa for different temperatures
Temperature (°C)
20 0 -5 -10 -20 -25 -30
Radial stress (MPa)
Lens 1 0 25.677 35.754 42.128 73712 218742 458811
Lens 2 0 25.692 35.776 42.158 73764  218.810  458.895

We can see from Table.4, the distribution of the radial stress depending on the temperature drop, that are the
most important at the cantilever level, which is coherent. Further weak in temperature will increase the radial
stress, which is detailed in the following points:

* The highest radial stress is obtained in lens 2, which had great parameter dimensional as diameter and
parameter property thermal materials as coefficient of thermal expansion at -30°C temperature,

¢ The radial stress increases from 20°C to -30°C for both lenses,

*  All constraints are zero in the vicinity of the ambient temperature for both lenses,

* The less stress is obtained in lens 1 at 0°C temperature a value of 25.677MPa, after the value nullity
in the vicinity of the ambient temperature,

* All constraints are positive for both lenses, which explained the uniformity of the coefficient of thermal
expansion for space applications.

Indeed, the results obtained for both lenses are acceptable stress, and there is no risk of structural failure. The
allowable radial stress for lens materials is set by the distortion or diffraction tolerance of the optical surface.
Lenses materials are perfectly elastic up until failure, so the allowable stress is the failure stress associated
with some probability of failure at a given lifetime. Whereas, it would be desirable to check for optical effects
by using optical path difference and compared par admissible optic.

4. Optical system performance analysis

In the process of lens assembly, it is crucial to consider not only thermo-elastic distortion but also the impact
of temperature-induced changes in the index of refraction (thermo-optic effects) and stress-induced changes
(stress-optic effects) on optical performance. Changes in the index of refraction due to temperature and stress
can have a significant impact on optical performance. To accurately predict the performance, it is necessary to
integrate these effects into the optical analysis by computing the net effect as an optical path difference (OPD).

In the case of assembling two lenses with different materials, the index of refraction (n) is a function of
temperature (T), and as a result, the performance of a lens subjected to temperature changes can be affected
by dn/dT effects. An optics program can import the optical path difference (OPD) to be applied to optical
surfaces, which accounts for the thermo-optic-index change. The thermo-optic coefficient can be calculated
using the following relationship [20]:

dn n2, —1
—rel L(DO + 2D, AT + 3D,AT? +

Ey + 2E,AT (8)
aT 2nn,l

-7,

B2 B,A? . B3 A2
AZ_Cl AZ_CZ AZ_C3

2 —
Nyel -1=
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Where

n, is the index of refraction
(B1, B3, Bs, C;, C,, C3), Constants of the Sellmeier dispersion formula
(Dy, D1, D,, Ey, E;, Ark), Constants for the calculation of the temperature coefficients of refractive index dn/dT.

Table 5. Data constants for the calculation of the thermo-optic coefficient for each element lenses

Constants of the dispersion formula

Optical
Glass ng Ne

Bi B2 Bs C C Cs
Lens 1 1.7847 1.7919 1.7375 3.137¢’! 1.8987 1.318¢2 6.230e? 1.552¢*?
Lens 2 1.5225 1.5245 1.0852 1.996¢! 9.305¢’! 6.610e 2.411e? 1.119¢*?

Constants for dn/dT

Do D1 D2 Eo Ei Arg
Lens 1 1.7847 1.7919 -3.56¢ 9.20e” -2.10e!! 9.65¢7 1.11e* 2.94¢!
Lens 2 1.5225 1.5245 -4.13¢”7 1.03e -3.40e!! 4.73¢”7 5.19¢10 2.13¢"!

Table 5 provides the constant data for dispersion and refractive index of each lens element at 587.5618 nm
wavelength (d-line) and 546.0740 nm wavelength (e-line). To create the thermo-optic model, the CTE is
replaced by the thermo-optic coefficient (dn/dT), Poisson’s ratio is set to zero, the shear modulus is defined as
one, and the temperature distribution is used as the applied load. Furthermore, the thermo-optic model requires
that the nodes on the front surface of the optical element are constrained to zero displacement, and the
remaining nodes are constrained to zero displacement, except along the direction of the light path. After
running the model, the displacement of the rear surface of the lens represents the OPD errors across the wave
front. This analysis is based on the relationship:

OPD = [de;’] AT 9)

Where h is thickness axial of the lens and AT is the temperature gradient from the center to a point on the edge
of the lens. The CTE accounts for the change in OPD due to thickness changes, and the thermo-optic coefficient
accounts for the change in the index of refraction. Table.6, gives the values of the thermo-optic coefficient and
OPD for different temperature for each element lenses.

Table 6.Values of the thermo-optic coefficient (1/K) and OPD (m) for each element lenses
for different temperatures and different wavelength (nm)

Optical Glass Temperature difference AT, with To=20°C, A; = 587.5618 nm, A, = 546.0740 nm
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20°C 0°C -5°C -10°C -20°C -25°C -30°C
dn/dT 3.94¢7 4.38¢” 4.49¢7 4.61e” 4.87¢° Se 5.13¢°
(1/K)
M
(nm) OPD(m) 0 1.40e” 1.80e”? 2.21e7 3.11e7 3.60e” 4.11e7
Lens 1
dn/dt 3.92¢7 4.36¢” 4.48¢” 4.60e” 4.85¢° 4.98¢e° 5.11e®
(1/K)
Az
(nm) OPD(m) 0 1.39¢7 1.79¢7 2.21e7 3.10e7 3.58¢7 4.09¢7
dn/dT 3e”’ 6.30e”’ 7.22¢7 8.17¢7 1.02e° 1.13e® 1.24e°
(1/K)
M
(nm) OPD(m) 0 1.01e”7 1.44¢e7 1.96¢7 3.26e” 4.05¢7 4.94¢7
Lens 2
dn/dT 3e-7 6.29¢7 7.21e7 8.16e-7 1.02¢° 1.12¢° 1.23¢°
(1/K)
Az
(nm) OPD(m) 0 1.01e” 1.44¢7 1.96¢e7 3.26¢e7 4.05¢7 4.94¢7

Upon analyzing Table.6, it is evident that the results align with the expected behavior, where the thermo-optic
coefficient and optical path difference (OPD) are directly proportional to the wavelength of the optical system.
It is important to note that any temperature variation will cause an increase in the optical parameters, as outlined
below:

- The thermo-optic coefficient increases from 20°C to -30°C regardless of wavelength for both lenses,

- All value of optical path difference OPD are zero regardless of the wavelength in the vicinity of the
ambient temperature,

- The highest OPD is obtained in lens 1, which has strong CTE compared to lens 2 at -30°C temperature,

- The OPD increase from 20° to -30°C regardless wavelength for both lenses

- The less value of OPD is obtained in lens 2, which had small thickness axial of the lens regardless
temperature and wavelength.

Temperature is varied in two value of wavelength study; the design was optimum keeping Rayleigh criteria in
view that considered to be perfect or diffraction limited, which is that OPD < 8. However, when performing
less distortion on the lens, the main interest is focused on determining the maximum OPD of the lens due to
the thermal loads rather than verifying optimum bond thickness between the lens and barrel.

The maximum in the lenses path OPD on the reflected wavelength induced by thermal distortion of the lenses
surface is given in Table.7.

Table 7. values of the maximum OPD (nm/cm) for each element lenses for different temperatures and different wavelength (nm)

Temperature difference AT, with To=20°C, 4, = 587.5618 nm, A, = 546.0740 nm

Glasses

20°C 0°C -5°C -10°C -20°C -25°C -30°C
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Lens 1 A 0 1.4 1.797 2.215 3.115 3.599 4.107
A, 0 1.395 1.790 2.206 3.102 3.584 4.090
A 0 1.0079 1.4431 1.9606 3.2600 4.0509 4.9417
Lens 2
A, 0 1.0065 1.4412 1.9580 3.2556 4.0454 49351

We observe from Table above that the optical path difference OPD is well below the normal quarter
wavelength tolerance for diffraction-limited systems for both lenses regardless variations the temperature and
two values of the wavelength. This is again for a worst-case thermal effect. Thermal effect requires a
modification for the value of the OPD. The optical path of the lens is required for evaluation of diffraction
limited or less surface distortion. Even more to thermo-optic effects, but also there is the stress optic OPD
limits the stress in the lens. Usually, the stress induced at the interface between the lens and mount is highly
localized. To get these effects stress into the opto-mechanical analysis. Simple closed form analyses coupled
with worst-case assumptions are desirable for design estimates. If this analysis indicates that there is sufficient
performance margin, design is perfect. When analysis indicates insufficient margin, more accurate methods,
such as finite-element analysis (FEA), are necessary before beginning the evaluate and validate the approach
Analytical.

5. FEA Parametric Evaluation

Taking the lens assembly as the second research object by using finite element analysis (FEA) in this paper.
There are often large differences in the estimated performance between FEA and approach analytical. The
letter serves as a good check for preliminary FEA. Good agreement is usually defined as agreement between
these results within about 10%. The acceptable design is guided by the FEA, although it may be necessary to
iterate between the parametric analytical analysis and the FEA to achieve an optimal design.

The assembly size and material parameters are shows in Fig.3 and Table. 1. We used Solidworks for the
computer aided design (CAD) and Ansys software for FEA. The base of main housing stand is fixed with six
degrees of freedom (DOF) available for the used elements. The lens mounting is analyzed for the following
loads conditions;

- Ambient temperature T=+20°C

- Thermal load; the structure is subjected to a temperature variation (20°C, 0°C, -5°C, -10°C, -20°C, -
25°C and -30°C)

- The model bottom boundary is fixed in all directions according to Fig.1.

- The top surface is free in all directions according to Fig.1.

The adhesive pads were modelled using linear quadrilateral type and quadratic quadrilateral elements, when
had same refined mesh on bond lens in order to achieve better accuracy, as shown in Fig.4 and 5. Obtained
the radial stress in the lenses under different temperature. The temperature load is applied to the established
finite element model, and the radial stress coupling two analysis who understood analytical (Eq.7) and FEA
are performed by the direct method to obtain the stress distribution curves of each lenses through the results,
as shown in Fig.6.
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Fig. 5. Refined mesh for Glue Pads and lens
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Fig. 6. Radial stress curve as a function of the temperature
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Table 8. Values of errors between simulated and analytical method for each element lenses for different temperatures

Temperature (°C)

Glasses

20°C 0°C -5°C -10°C -20°C -25°C -30°C
Lens 1 0 7.795 7.810 7.630 8.210 8.604 9.852
Lens 2 0 4.465 7.874 8.207 5.538 8.930 9.550

It can be seen from Fig.6, that the absolute value of the radial stress of the lens gradually increase with the
decrease of the temperature for both lenses for simulation. The values are very small and close to zero. Under
the same conditions, use the analytical equations analyzed and derived in the previous section to find the
analytical solution of the radial stress, which is presented errors in Table.8, the difference observed between
the simulation and those obtained from analytical method are the same order for both lenses. They are most
often less than 10%, which is acceptable.

6. conclusion

This paper proposes a new study on the thermal effects of athermal bonding thickness, thermal stress, radial
stress, and thermal optical path difference based on existing research. The proposed model is validated using
finite element analysis.

The use of a six-point edge bond is shown to generally produce lower thermal stress levels than a continuous
bond, and it can also be athermalized. Additionally, the Deluzio, Muench, Van Bezooijen, and Monti equations
(2-5) can be used for most athermal optimum bondline calculations. For lens assembling, an analytical method
is established for cases where thermal stress is low and adverse for both lenses. This is achieved by considering
the presence of a mechanical temperature gradient parameter. The thermal stress is proportional to the thermal
distortion coefficient for space applications.

The use of a face bond produces low radial stresses, resulting in thermal bonding of the optical surface and a
lower risk of structure failure. However, the allowable stress is the failure stress associated with some
probability of failure at a given lifetime. This condition must be checked for optical effects by using the optical
path difference (OPD) and compared to the admissible optic. The effects of temperature variations on the OPD
can be directly imported into a variety of optical analyses to predict performance due to thermal loads.

When performing less distortion and aiming for a quarter wavelength tolerance for diffraction-limited
performance on the lens, the Rayleigh criterion can be applied. Comparing the detailed finite-element results
to analytical solutions for simplified models provides good estimates of radial stress. However, it should be
noted that the accuracy of any analytical or finite element results is only as good as the material constants used
in the analysis. Finally, the error is found to be within 10%, which allows for an improvement in accuracy over
cost, subject to proper approximation. This finding is particularly relevant in the context of space structure
calculations.
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