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Abstract
Supersonic plasma testing allows to achieve high heat flux and, in the case of ablative samples, non-
uniform recession. We propose a methodology to characterize the flow. Experimental and modeling
uncertainties are propagated through a surrogate model to estimate the variability of the quantities of
interest. The high computational cost demanded by the CFD computations, needed to train the surrogate
model, is lowered by employing a multi-fidelity formulation. The work shows that is possible to build
a reliable surrogate model using few high fidelity computations. The propagated numerical uncertainties
partially overlaps with the experimental ones for all the quantities of interest.

1. Introduction

The von Karman Institute (VKI) Inductively-Coupled Plasma (ICP) Plasmatron facility6 is widely used for the charac-
terization of materials exposed to a high-enthalpy plasma environment.13, 23, 26 It is particularly helpful to predict the
behaviour of Thermal Protection Materials (TPMs) for aerospace. In atmospheric entry applications, TPMs protect the
vehicle from the extremely demanding aerodynamic conditions to which it is exposed. However, this normally hap-
pens at the expenses of the TPM that undergoes thermochemical decomposition and experiences mass loss and shape
change.
When the Local Heat Transfer Simulation (LHTS) constraints are met, the in-flight highly chemically reactive boundary
layer can be on ground duplicated, in the stagnation point region, by a subsonic plasma flow.30, 45 Anyway, differences
still remain in the heat flux and ablation distributions along the body. In particular, contrary to the in-flight non-uniform
recession, the one experienced by a typical hemispherical ablative TPM sample exposed to the subsonic plasma flow is
almost uniform in space and the shape is preserved.24

A supersonic experimental campaign has been recently conducted at the VKI to explore this behaviour. The supersonic
condition was achieved by I) mounting a sonic nozzle at the end of the plasma torch, that expands the gas to choked
conditions, and II) adequately lowering the chamber pressure, resulting in an under-expanded supersonic jet. A simi-
lar configuration was also investigated by Gordeev and Sakharov18, 40 to study the evolution of heat flux and pressure
along the jet center line. The resulting thermo-aerodynamic environment over the sample is close to the one produced
by arc-jets, as the Interaction Heating Facility (IHF),2 where the flow is expanded to supersonic condition through a
convergent-divergent nozzle.
The Plasmatron test chamber is equipped with probes to measure the static and the dynamic pressure, and the heat flux.
A rotameter allows for mass flow rate determination. While a spectrograph may be used to access the boundary edge
enthalpy by detecting the radiative signature of atoms or molecules,14 it is customary to rely on a coupled numerical
framework for its estimation.24, 26 In general, this procedure aims in rebuilding the Quantities of Interest (QoIs) that
are not accessible by means of the only experimental set-up. In numerically simulating the flow, several assumptions
have to be made. First of all, the flow is assumed to be in chemical equilibrium up to the boundary layer edge. The
surface catalytic behaviour is also assumed to be well known, even if its efficiency may vary from fully to low catalytic,
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depending on the chamber pressure and the presence of surface oxides.48 Recently, this deterministic rebuilding proce-
dure was investigated in the stochastic space to account for the experimental uncertainties and for the model unknowns
by Sanson41, 42 and by del Val.10, 11, 46

Also in supersonic testing the pressure at the nozzle inlet and in the chamber can be experimentally measured, and
the enthalpy at the nozzle inlet is not directly measurable and its value needs to be inferred. Anyway, differently from
the subsonic case, the expansion high velocity gradient does not allow the flow chemistry to relax toward equilibrium
and the classic subsonic rebuilding procedure cannot be apply. Chemical non-equilibrium is also observed in arc-jets.
In this case, the enthalpy characterization relies on heat transfer correlations, spectroscopic measurements, or CFD
simulations.36 In the latter method, the nozzle enthalpy is calibrated by matching the calorimeter heat flux. Similarly
to ICP facilities, strong assumptions need to be made, e.g. to well know the catalytic efficiency of the calorimeter.
Recently, efforts have been undertaken to characterize the uncertainties also for this kind of facilities.7, 47

It is important to underline that the numerical simulation of both ICP and arc-jet is very costly. If one is interested
in a deterministic simulation the computational cost is generally not a problem. Efficiency problems arise if one is in-
terested in performing Uncertainty Quantification (UQ) studies. In this case, surrogate models, such as the Kriging,33

are commonly used to alleviate the demanding computational cost. Anyway, they are built on training points, which are
computationally expensive CFD simulations. To make the process more efficient one may leverage on a low-fidelity
representation to cover much of the uncertainty space, retaining fewer high-fidelity computations to ensure accuracy.37

Multi-fidelity approaches, such as Cokriging15, 27, 29 and Hierarchical Kriging,1, 22 aims at combining these information
to produce an efficient and accurate regression.

In this work, we propose a novel methodology for the Plasmatron supersonic testing characterization. The sources
of uncertainties are propagated through a surrogate model trained on CFD points. The US3D solver provided a high-
fidelity representation of the flow. On the one hand, this allows to achieve pronounced numerical accuracy, but, on the
other hand, it makes the whole process very non-efficient. To restore efficiency, we employed a multi-fidelity strategy,
whose application in the field of high enthalpy nozzle characterization is a novelty. The obtained surrogate model is
verified against verification points and it is used to propagate experimental uncertainties and model unknowns. Finally,
the numerically propagated uncertainties are compared to the experimental ones.
The paper is structured as follows: in Section 2) the experimental campaign is presented, in Section 3) the methodology
to cost efficiently propagate the experimental/model uncertainties is proposed, in Section 4) the governing equations
and the employed numeric are introduced, in Section 5) the results are illustrated, and in Section 6) the conclusion are
drawn down.

2. Experimental Campaign

The VKI 1.2 MW Plasmatron facility is able to create a high enthalpy environment, which mimics the hypersonic
boundary layer of an object entering the atmosphere, useful for the characterization of the material response of TPMs.
It allows to explore a wide range of operative conditions, ranging from low to moderate pressure, moderate to high heat
flux, and sub- to super-sonic regime. Contrary to subsonic testing, generally extensively used to duplicate entry propri-
eties in the stagnation point, supersonic testing allows to produce higher heat flux and, in case of an ablative sample,
to provoke a non-uniform sample recession,25 which is closer to what experienced by atmospheric entry objects. An
experimental campaign was conducted to give more insights on the supersonic testing.
To achieve supersonic condition, the flow was accelerated through a sonic nozzle, mounted at the exit of the plasma
torch. The chamber pressure was lowered enough to generate a highly under-expanded jet, as shown in Fig. 1. Specifi-
cally, the chamber pressure was set to 5.5 hPa, against a reservoir pressure of 165 hPa, resulting in a total pressure ratio
of β0 = p0/pc = 30.
The sonic nozzle has an exit diameter of 35 mm and the probe is placed at a distance of 75mm from the exit of the
nozzle. The mass flux entering the plasma torch, measured through a rotameter, was set to 6 g/s, and the Plasmatron
was supplied with an electrical power of 600 kW.
A 25 mm radius copper water-cooled calorimeter probe, which temperature was kept to 350 K, was used to measure the
stagnation point heat flux. Furthermore, a water-cooled Pitot probe measured the Pitot pressure at the stagnation point.
Their value respectively are 4.48 MW/m2 and 25 hPa. Uncertainty on the heat flux is estimated to be the 10% of the
measured value, while for pressure measurements the 0.25% of the full scale, i.e. 0.5 hPa. Two runs were performed
to assess the repeatability of the test.
The expansion results in a complex flow structure. The numerical simulated one is shown in Fig. 2. A Prandtl-Mayer
expansion fan develops at the exit of the nozzle to expand the flow from the exit nozzle pressure to the chamber one.
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The typical barrel shock allows the streamlines to align to the jet boundary. It interacts with the normal shock, caused
by the interference of the probe, before the classical Mach disk is generated. After the interaction, the two shocks are
transmitted. Finally the transmitted normal shock gets reflected on the jet boundary, resulting in a weak expansion fan,
while the second one dissipates. These features are in good qualitative agreement with the experimental ones in Fig. 1.

Figure 1: Under-expanded air jet over the catalytic probe.

Figure 2: Numerical flow structure obtained with a total temperature of 7500 K and a total pressure of 16500 Pa
imposed at the entrance of the sonic nozzle. Density gradient contours.

3. Methodology

We simulated the supersonic under-expanded jet by means of the US3D solver.8 We chose the exit of the plasma torch
as starting section for the numerical domain, as sketched in Fig. 3. This is in contrast with the procedure usually adopted
for simulating the subsonic flow, where no nozzle is mounted. Its presence makes the exit torch thermo-hydrodynamic
radial distribution less crucial and the inflow condition can be safely reduced to a reservoir one. Furthermore, being the
flow supersonic, no characteristics travel backward from the expansion chamber to the nozzle exit. Since the plasma
torch was excluded by the computational domain, it is reasonable to assume a very weak influence of the electro-
magnetic field: this source term will be neglected. Moreover, the flow is regarded laminar, steady, and in chemical
equilibrium at the inlet. Finite rate chemistry of an air mixture of 5 species (N2,O2, NO, N, O) is considered in the
whole domain. Finally, the surface is assumed to be partially catalytic.
The resulting computational cost is very high, and we need to restore efficiency to make the UQ problem affordable.
Surrogate models, such as the Kriging,33 are generally used to replace the CFD for a cheaper computational cost. It
still requires training points, which, in the present study, come from expensive CFD simulations. Thus, the efficiency
can still be improved. To this end, we made use of a multi-fidelity approach, which leverages on a low fidelity rep-
resentation to explore a great part of the uncertainty space. Multi-fidelity representation, such as Cokriging15, 27, 29 or
Hierarchical Kriging,1, 22 are widely used in engineering problems to alleviate the prohibitive computational cost de-
manded by practical application.37

What we propose is simplified in the scheme in Fig. 4: I) the lowest fidelity (δ) is computed according to a cheap
representation of the problem, which will be described in Section 4.2. The other three fidelity, γ, θ, and α, rely on the
same computational model, described in Section 4.1, but made use of 3 differently refined grids, whose numerical error
will be described in Section 3.3. This generally falls under the name of multi-level representation.37 The statistical
convergence is investigated by means of an adapting strategy to sample in the stochastic/fidelity space; this will be
detailed in Section 3.2.
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Figure 3: Sketch of the simulation.

Figure 4: Scheme of the proposed hierarchical Kriging.

3.1 Hierarchical Kriging

The hierarchical Kriging, mathematically formulated by Han,22 proposes to exploit the l−1 fidelity prediction (Ŷl−1(x)),
scaled by a βl parameter, as trend function for the l fidelity Kriging:

Yl(x) = βlŶl−1(x) + Zl(x) (1)

After conditioning the Gaussian process on nl training points and optimizing the model hyperparameters, the l fidelity
predictor, Ŷl(x), is obtained. An exhaustive description of the formulation, avoided for concision here, can be find in
the work of Han.22 Its main advantages are:

• Efficiency and implementation ease: it does not require a cross correlation function to be built, as for cokriging
modeling; being one Kriging evaluated per fidelity it demands the inversion of l correlation matrix of size nl × nl

in spite of a (l · nl) × (l · nl) matrix, which is advantageous for computer performing.

• Training points independence: the set of lower fidelity training points does not require the inclusion of the high
fidelity ones.

• Infill techniques easily applicable: its Gaussian variance is well suited for adaptive sampling.

The surrogate model was built by means of the software UQLAB,32 where the hierarchical Kriging implementation is
very straightforward.1, 31

3.2 Adapting Sampling Strategy

Adaptive strategy allows to iteratively sample from the stochastic space a new training point to improve the quality of
the surrogate model.16 When one deals with optimization problems, one is interested to exploit the already existing
surrogate model, and its associate Gaussian variance, to locally refine the model in points that are candidates to be
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minima or maxima. Among these exploiting methods, the Expected Improvement, proposed by Jones,28 and its vari-
ations38 are widely used examples. Contrary to this, exploring strategies are used to globally increase the quality of
the surrogate model. Since our interest is to adaptively improve the overall quality of the model, we rely on exploring
strategies. Gaussian processes are very suitable for this, as they are characterized by a process variance, which in a
nutshell measures how uncertain we are on the prediction on a given untrained point. It thus make sense to sample
where this uncertainty is the highest. When it comes to multi fidelity representation, we are not only interested in
sampling in the stochastic space, but we also want to have a criteria to establish which fidelity level we want to refine.
In this study, we slightly modified the strategy proposed by Zhang.50 Since the low fidelity prediction is scaled by a β
factor, the low fidelity uncertainty should be scaled by the same factor, such that:

s2(x, l) =

β2
h f s2

l f (x) if l = low fidelity
s2

h f (x) if l = high fidelity
, (2)

where s2 is the Gaussian variance. Zhang’s work refers to an optimization problem, so the Expected Improvement (EI)
was maximized:

(x, l) = argmax EIv f (x, l). (3)

Contrary, in the present work, we want to rely on more than 2 fidelity models, and adaptively exploring the high fidelity
one. Following Zhang’s work, it makes sense to scale the l fidelity variance, by the products of the l scaling factors that
separates it from the high fidelity one:

s2(x, l) =

(
∏HF

i=l+1 β
2
i )s2

l (x) if l , high fidelity
s2

h f (x) if l = high fidelity
(4)

Furthermore, for exploring purposes, we want to train where the the standard deviation is maximum:

(x, l) = argmax s(x, l) (5)

3.3 Numerical uncertainty

To determine the numerical error associated to a given meh, we followed the procedure proposed by Eça.12 It reads:

ϵϕ ≈ δRE = ϕi − ϕ0 = αhp
i . (6)

The quantity ϕi is a flow quantity of interest at the grid refinement i, ϕ0, the estimate of the exact solution, α, a constant
to be determined, hi, the typical cell size and p is the observed order of grid convergence. In most of the application
the exact solution of the quantity of interest cannot be analytically computed; in these cases, it can be estimate as
asymptotic limit for the element size approaching the infinitesimal value. Hence, the QoI at the refinement i can be
approximated as:

ϕi = ϕ0 + αhp
i . (7)

By using a minimum of four nested meshes, the values α, p, and ϕ0 can be estimate by minimizing the standard
deviation, σ, between the numerical solutions and the fit law (Eq. (7)). A positive value of order of convergence (p)
implies a monotonic convergence, in contrast a negative value a monotonic divergence.
Still according to Eça, the uncertainty on the prediction associated to the mesh at the refinement i reads:

Uϕ(ϕi) =

Fsϵϕ(ϕi) + σ + |ϕi − ϕfit|, if σ < ∆ϕ
3 σ
∆ϕ

(ϵϕ(ϕi) + σ + |ϕi − ϕfit|), otherwise
(8)

where ∆ϕ = (ϕmax
i − ϕmin

i )/(ng − 1) is a data range parameter and Fs is a safety factor equal to 1.25 if 0.5 < p < 2.1 and
σ < ∆ϕ, and to 3 otherwise.

4. Governing Equations and Numerical Set-up

We simulated the gas expansion from the beginning of the sonic nozzle. Here the influence of the magnetic field is
negligible and we can correctly describe the flow using the only Navier-Stokes equations. For a mixture of ns chemical
reacting species in thermal equilibrium, they read:

∂ρi

∂t
+ ∇ · (ρiu + ji) = ω̇i, ∀i ∈ S , (9)

5
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∂ρu
∂t
+ ∇ · (ρu · u + p¯̄I + ¯̄τ) = 0, (10)

∂ρE
∂t
+ ∇ · (ρuH + ¯̄τu + q) = 0. (11)

Symbol S stands for the set of species indices, ρi is the partial density of species i, u is the mass-averaged mixture
velocity, ji the diffusion mass flux of species i, ω̇i its chemical production/destruction rate, p, the thermodynamic
pressure of the mixture, ¯̄τ, the viscous stress tensor, E, the total energy, H = E + p/ρ , the total enthalpy, and q,
the total heat flux. Thermodynamics properties are obtained using the NASA polynomials.19 Diffusion mass fluxes
are computed using the self-consistent effective binary diffusion models,39 while viscosity and thermal conductivity
are computed according to Gupta-Yos mixing rule.21 Chemical production rates ω̇i for species i are computed using
finite-rate chemistry with rate coefficients taken from Park.35

The probe acts as a catalyst for the recombination of atomic nitrogen and oxygen impinging to its surface. The
recombination reaction is exothermic and its contribute to the total heat flux must be taken into account. The set of
surface reactions and heat exchange can be numerically expressed as a boundary condition. It returns to the CFD solver
the surface state computed by solving balance equations in an infinitesimal volume containing both the gas and material
phases. In this study, this BC was provided through MUTATION++.5, 9, 43

When the surface temperature is known (isothermal condition) the wall composition can be obtained by solving the
surface mass balance for each species i, which for a catalytic material reads:

ω̇i = ji · n, ∀i ∈ S . (12)

Versor n is the normal to the surface. The system (12) is solved by means of a Newton method and the surface state
is returned to the CFD solver. In this work we used a phenomenological approach20 to describe the chemical source
term. It is widely used in the hypersonic community because of their simplicity and it only requires the definition of
the probability that a macroscopic reaction takes place:

γrea
i =

N rea
i

Ni
, (13)

where N rea
i is the number flux of species i subject to the reaction and Ni = ni

√
kbTs/(2πmi) , the number flux of

species i impinging the surface. Symbol kb stands for Boltzmanns constant, Ts the surface temperature, and mi, the
mass of species i. A fully catalytic behavior is obtained when the probability approaches unity; whereas a non-catalytic
behavior is reached when is equal to zero. The chemical production rate reads:

ω̇s
i = miγ

rea
i Ni. (14)

The two previously mentioned fidelity models are described next: I) the high fidelity US3D solver, described in Sec-
tion 4.1 and II) a low fidelity model which is described in Section 4.2.

4.1 High fidelity model

To build the high fidelity surrogate model we employed the software US3D. It is a three-dimensional finite-volume flow
solver developed at the University of Minnesota for aerodynamic/hypersonic applications.8 In this work we computed
the numerical fluxes according to the modified Steger-Warming scheme44 with a MUSCL approach to obtain second-
order accuracy. The Data Parallel Line Relaxation (DPLR49) was used to obtain rapid convergence to steady-state.
The solver is highly scalable and efficient, making it possible to solve very large problems on parallel computers in a
cost-effective manner.
The physical domain was discretized as shown in Fig. 5(a); from the left, in a clockwise direction, we can see the I)
exit of plasma torch/nozzle inlet, II) sonic nozzle surface, III) expansion chamber, and IV) probe. Particular attention
was posed to well capture the shock to have reliable results on the probe surface: as one can see in Fig. 5(b) the grid is
aligned to the shock and the cells are stretched in the shock direction.
Four grids, listed on table 1, are obtained by systematically doubling the number of the nodes in the both the x and y

directions to assess the grid convergence.

Total temperature and pressure were imposed at the nozzle inlet and the chemical composition was assumed to be
at equilibrium. Their values were set according to the training points. The nozzle surface was characterized by an
isothermal condition (whose temperature was kept constant at 1500 K for all the simulations). The chamber free
surface was characterized by an inlet condition for numerical stability; it is characterized by a small velocity (1 m/s),
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I

II
IV

III

(a) Numerical domain, from the left, in the clockwise direction: I) exit of plasma
torch/nozzle inlet, II) sonic nozzle surface, III) expansion chamber and IV) probe.

(b) Zoom of the numerical domain: grid aligned to
the shock and stretched in the direction of the shock.

Figure 5: Details of mesh III on table 1.

Table 1: Used meshes: index, number of cells, length of first cell on the stagnation point (∆x), normalized characteristic
mesh, hi, time to converge, tCPU .

Tag cells ∆x [m] hi tCPU [min]
I 172224 5E-7 1 ≈ 1600
II 43056 1E-6 2 ≈ 200
III 10764 2E-6 4 ≈ 30
IV 2691 4E-6 8 ≈ 4

room temperature and a chamber pressure of 5.5 hPa (also these conditions were kept constant for all the simulations).
The probe was modeled as an isothermal/catalytic surface with a temperature of 350K and a recombination probability
that was changed according to the training points. Finally, all the other surfaces were characterized by a symmetry
boundary condition.
A nominal condition (T0 = 7500 K, p0 = 16500 Pa, γN = 0.0736, and γO = 0.1170) was imposed to characterize the
numerical uncertainty, based on the formulation proposed in Section 3.3, and on the four meshes reported on table 1.
The results for the stagnation point pressure and heat flux, and for the nozzle mass flux are reported on table 2. The mesh
I numerical uncertainty is lower than the experimental one for all the QoI, making it a very accurate representation.
Anyway the coarser meshes, even if not as well accurate, can be employed to enrich the stochastic space in a multi-level
fashion.

Table 2: Results of the convergence study performed on the meshes on Table 1 for each QoI: order of convergence, p,
asymptotic value, ϕ0, numerical uncertainty of grid I on table 1, U1, and experimental uncertainty, Uexp.

QoI p ϕ0 [as QoI] U1 [as QoI] Uexp (95 %) [as QoI]
p [Pa] 1.57 2426.90 38.57 50

q [W/m2] 1.57 4.48E6 7.5E4 4.48E5
m [kg/m2/s] 0.55 5.8E-3 1.1E-4 3E-4

4.2 Low Fidelity Model

To further speed up the building process, a low fidelity representation of the gas expansion was built. Firstly, nozzle
area equations were used to compute the state of the gas just before the shock. The geometrical throat area, together
with the assumption of M = 1 at the exit of the nozzle, constant h0 and p0, and chemistry frozen allows to compute the
nozzle choked mass flux and exit gas state, for a given reservoir condition. From here, we can compute the state just
before the shock imposing the previously computed mass flux and the total enthalpy and pressure conservation. The jet
diameter before the shock was imposed as function of the reservoir pressure, which law was calibrated using 3 mesh
IV computations. By means of the same computations, it was also inferred a law for the velocity gradient (β = ∂v/∂y).
These values, together with the gas state, served as input to an in-house software,34 which solves equation along the

7

DOI: 10.13009/EUCASS2022-4925



HEAT FLUX CHARACTERIZATION OF AN UNDER-EXPANDED/SUPERSONIC PLASMA JET

stagnation line. Output of the whole procedure are the stagnation point pressure and heat flux.

5. Results

5.1 Nominal results

The results presented in this section refer to a nominal total temperature of 7500 K and a total pressure of 16500 Pa
imposed at the entrance of the sonic nozzle, and a nitrogen recombination probability of 0.0736 and oxygen of 0.1170
assign to model surface catalytic activity. The numerical flow structure obtained with the finest grid (mesh I on table 1),
already discussed in Section 2 is plotted in Fig. 2. Being the total pressure ratio, β0 = p0/pc = 30, very high, we retrieve
some of the compressible features typical of an extremely under-expanded jet,17 namely: I) Prandtl-Mayer expansion
fan, II) jet boundary, III) barrel shock IV) normal shock, and V) transmitted shocks. A zoom in the shock region is
given in Fig. 6: the shock is attached to the BL (its stand-off distance, taken at the location of half of the temperature
jump, is 3.9 mm) and it results to be very diffused (3 mm of extension). Similar flow patterns were observed by Gordeev
and Sakharov18, 40 for the simulation of an experiments conducted with the VGU-4 induced plasmatron of the Institute
for Problems in Mechanics of the Russian Academy of Sciences in similar operative conditions (Pel=45 kW, ṁ = 3.6
g/s and Pc=8.5 hPa). We remark that while they conducted their analysis focusing on investigating the evolution of
heat flux and pressure along the center line for different cases in a deterministic manner, we pose attention into the
characterizing of the uncertainties to well establish the experiments conditions.
It is also worth to analyze the chemistry of the flow: nitrogen and oxygen mass fractions, and temperature profile are
plotted in Fig. 7 along the central line, from the nozzle entrance to the probe stagnation point. The fast expansion does
not allow the chemistry to relax, resulting in a nearly frozen flow up to the edge of the boundary layer, where atoms
recombine, mostly driven by surface catalysis.

Figure 6: Numerical shock stand-off distance ob-
tained in nominal condition: 3.9 mm at half of the
temperature jump.
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Figure 7: Temperature and mass fractions along the
center line, from the nozzle inlet to the probe.

5.2 Uncertainty Propagation

The total pressure at the entrance of the nozzle was measured, thus we assigned a Gaussian distribution to this variable:
its mean and confidence intervals are given on table 3. On the other hand, the total temperature was not measured
and it was characterized by a non informative uniform distribution. The presented uncertainty is a reduced support of
the one used to build the surrogate model: only the range leading to a correct mass flux was retained. The nominal
recombination efficiencies were taken from the work of Bellas,4 who computed them applying, for a similar surface
condition, the finite rate chemistry model proposed by Barbato.3 A 20% uninformative uncertainty was applied.
A number of 80 training points were selected for the low fidelity model (fidelity δ); this allows to cover much of the
uncertainty space very cost efficiently. From the high fidelity representation, 3 numerical grids, namely I, III, IV, were
chosen, in a multi-level framework, to characterize the fidelity α, θ, and γ. Other 5 training points were sampled for
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Table 3: List of propagated uncertainties.
Variable Mean Minimum Maximum Distribution
p0 [Pa] 16500 16000 17000 Gaussian
T0 [K] 6900 6400 7400 Uniform
γN [-] 0.075 0.06 0.09 Uniform
γO [-] 0.12 0.096 0.144 Uniform

each of these fidelity. Further 5 independent α points were computed for verification purposes.
A number of 17 new training points were sampled for the fidelity γ and 13 for the fidelity θ, by means of the adaptive
strategy proposed in Section 3.2. As one can see from Fig. 8, most of these points tend to be selected close to the
boundaries, as one would expect when employing an exploring infill criteria. The resulting normalized error NRMSE,
defined in Eq. (15), is below the 0.5% for all the QoI. The QQplots for the multi-fidelity approach (in blue) and for the
Kriging built on the only high fidelity points relative to the heat flux (in red) is plotted in Fig. 9: it is evident the gain
in accuracy when the multi fidelity is used.

NRMS E =

√∑Nv
i=0(Yv,i − Ŷi)2

Nv

100

Ŷ
. (15)

5500 6000 6500 7000 7500 8000 8500
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Figure 8: Training points projections; triangles for
the original LHS samples, circle for added points. In
black fidelity α, in red fidelity θ, and in blue fidelity
γ.
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Figure 9: QQplot of the heat flux. Multi fidelity val-
ues in blue. Kriging on the only high fidelity points
in red.

The verified surrogate model was used to propagate uncertainties by means of a Monte Carlo method. The obtained
probabilistic density functions are plotted in Fig. 10. The numerical density function (in red) for each QoI is plotted
against the experimental one (in blue). The temperature confidence interval was chosen to produce a good superimpo-
sition of the numerical and experimental mass flux confidence intervals. When this condition is met, pressure and heat
flux partially superimpose. A Bayesian approach, foreseen as future work, will allow to determine the most probable
reservoir state for a complete characterization.

6. Conclusion

A methodology for the characterization of an under-expanded supersonic flow over a catalytic probe was proposed: the
experimental/modeling uncertainties were propagated through a surrogate model. We have shown that multi-fidelity
strategies can reasonably be employed in this context to improve the efficiency of the numerical effort. The surrogate
model was verified and used to propagate the uncertainties. The relative probabilistic distribution of all the quantities
of interest result to partially overlap with the experimental one.
As future work we propose to infer the reservoir condition, as well as the catalytic proprieties of the probe, in a Bayesian
framework.
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(a) Mass flux. (b) Pressure. (c) Heat flux.

Figure 10: Probabilistic density functions for each QoI. Red area from the numerical propagation and blue area values
from the experiments
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