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Abstract
We present the design of a low-thrust trajectory to Saturn with a gravity assist at Jupiter. In the Earth-to-
Jupiter portion of the transfer, the propulsion system applies constant thrust in the direction of the orbital
velocity to increase the semimajor axis at the fastest rate. After the swingby, the thruster is fired during a
portion of the Jupiter-to-Saturn transfer and implements a steering law that minimizes the velocity relative
to Saturn at arrival, thus facilitating the orbit insertion.

1. Introduction

The exploration of the outer planets has been prioritized by NASA and ESA: important missions to the Jupiter system
(NASA’s Europa Clipper, Phillips & Pappalardo,15 and ESA’s Jupiter Icy Moons Explorer, Grasset et al.12) are being
designed, and studies are underway to launch a follow-up of Cassini/Huygens called Titan Saturn System Mission, a
joint ESA-NASA project (Coustenis et al.8). However, the design of orbiter missions to the giant planets must face one
major challenge: the amount of propellant required for orbit insertion is very high. For Cassini/Huygens the hyperbolic
excess speed relative to Saturn at arrival had a magnitude of 5.6 km/s. As a result, the orbit insertion (OI) maneuver
had a cost of 622 m/s or 800 kg of propellant. Another 314 kg where consumed for the subsequent pericenter raising
(Goodson et al.,11 Leeds, Eberhardt and Berry14). We present a method to minimize the hyperbolic excess speed upon
arrival at Saturn, thus reducing the cost of the OI manoeuver. The transfer from Earth to Saturn is assisted with electric
propulsion. During the Earth-to-Jupiter transfer, the thruster imparts a constant tangential acceleration to maximize the
increase in the orbital energy, allowing a moderate departure C3 of 67.25 (km/s)2 which reduces mission costs. The
gravity assist (GA) with Jupiter is unpowered and modelled with the patched-conics method. Upon leaving the planet,
the thruster is reactivated, this time to reduce the hyperbolic excess speed at Saturn. The guidance strategy in the
Jupiter-to-Saturn transfer is treated as a minimization problem. using the hyperbolic excess velocity as error indicator.
Its derivatives with respect to the orbital elements are then computed. The rates of change of the orbital elements,
as functions of the thrust components, are obtained from Gauss’ planetary equations. Using the chain rule yields the
rate of change of the error as a function of the thrust vector. The thrust orientation giving the fastest instantaneous
decrease of the hyperbolic excess velocity is used, giving a locally-optimum trajectory. When the hyperbolic excess
velocity reaches a preset level, the thruster is powered down and the spacecraft coasts to Saturn. In this work, planetary
orbits are assumed circular and coplanar, with the trajectory contained in the same plane. Outside of the spheres of
influence of the planets, the trajectory is computed with the Sun-spacecraft two-body model, adding the acceleraton
due to the propulsion system. The motor characteristics are those of the NASA Evolutionary Xenon Thruster (NEXT),
as described by Herman.13 The selection of the thruster performance parameters is presented in Sect. 2. Section 3
illustrates the design of the Earth-to-Jupiter portion of the trajectory. The design of the GA is dealt with in Sect. 4.
Section 5 presents the control law algorithm, whereas the application to the Jupiter-to-Saturn transfer is illustrated in
Sect. 6. The results, including the analysis of the optimal transfer and a discussion on the technological feasibility, are
exposed in Sect. 7. Conclusions are drawn in Sect. 8. A preliminary version of this work was presented at the 29th

AAS/AIAA Space Flight Mechanics Meeting (Fantino et al.9).
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2. Thruster performance parameters

We assume that the NEXT thruster imparts a constant acceleration of 2.5 · 10−5 m/s2, which corresponds to a force of
25 mN on a mass of 1000 kg. This requires an input power of 600 W, with a specific impulse is 1400 s and a propellant
flow rate is 1.85 · 10−6 kg/s. At this flow rate the expected lifetime of the motor is close to 8 years (van Noord19).

3. The low-thrust transfer to Jupiter

The minimum-energy direct transfer from Earth to Jupiter is a Hohmann maneuver, requiring a launch C3 of 77 (km/s)2

(see Biesbroek5). This high energy requires limits the mass injected, even with the most powerful launchers: a Delta
IV Heavy (4050H) can only accelerate a 1500 kg payload at this C3 level (Benson, Riehl & Oleson3). A reduced initial
specific energy enables the use of lighter launchers for a given spacecraft mass or, alternatively, increase the payload.

In this contribution, we improve the results of a previous study which used a ballistic trajectory to Jupiter (Fantino
et al.9). We assume that the electric thruster is fired continuously after launch, raising the aphelion of the initial
heliocentric orbit in order to reach Jupiter. Thrust is applied in the direction of motion yielding the fastest increase of
specific orbital energy.

A double loop on the departure C3 and the initial flight path angle γ generates the Earth-to-Jupiter trajectories.
The range of values for C3 is between 65 and 72 (km/s)2 in 0.25 (km/s)2 increments, whereas γ is made to vary from
-15 to +15 degrees in 1 degree steps. For C3 below 67.25 (km/s)2, the transfer to Jupiter takes more than seven years
(long transfer) because the trajectory does not intersect Jupiter’s orbit during the first revolution. If C3 is above 67.25
(km/s)2, Jupiter can be reached in less than three years (short transfers). Only short trajectories are retained for further
study.

The range of values of the initial flight path angle for which the short transfer is possible is shown on the left plot
of Fig. 1. The right graph gives the corresponding Earth-to-Jupiter transfer times. For each value of C3, the minimum
time is obtained for γ=0 (departure tangent to Earth’s orbit which maximizes the initial mechanical energy). The
minimum transfer time drops from 2.77 to 2.09 years when C3 increases from 67.25 to 72 (km/s)2. This is equivalent
to a reduction in propellant consumption from 158 to 119 kg. However, for a typical heavy launcher, the reduction in
injected mass due to increased C3 completely negates this benefit. Therefore it is advantageous to use the minimum
C3, as the payload gain is much larger than the increase in propellant budget. Under these conditions, the compatible γ
values are very small.

4. The gravity assist with Jupiter

Jupiter’s GA is modeled with the patched conics method. When the spacecraft crosses the orbit of Jupiter, the planet’s
velocity VJ is subtracted from the spacecraft velocity V−S/C . The resulting entry hyperbolic excess velocity v−∞ and the
choice of perijove radius rπ determine the Jupiter-centered hyperbola completely, in particular the relative velocity v+

∞

at sphere of influence departure and the new heliocentric velocity V+
S/C . For each arrival trajectory, we tested a range

of flyby depths from 0.5 to 9.5 ·106 km in increments of 0.5 ·106 km. The post-GA state is the initial condition for the
trajectory optimizer.

5. The low-thrust optimal control law

The state vector s of the spacecraft in Cartesian coordinates is indicated as

s(t) =

[
r
ṙ

]
=


x
y
vx

vy

 , (1)

whereas polar coordinates {r, θ} are defined as follows:

r = rur ; ur =

[
cos θ
sin θ

]
; uθ =

[
− sin θ
cos θ

]
. (2)

The specific thrust (i.e., acceleration) f imparted by the propulsion system is.

f(t) = frur + fθuθ. (3)
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The trajectory of the spacecraft under the combined effect of the gravitational field of the Sun (gravitational parameter
µ) and the thruster is computed from

ds
dt

=


vx

vy

ax

ay

 , (4)

where
a =

(
fr −

µ

r2

)
ur + fθuθ. (5)

Note that || f ||≤ fmax, i.e., the available thrust is fixed. At each point in time, a vector of osculating Keplerian elements
(semimajor axis a, eccentricity e, longitude of the pericenter ω and mean anomaly M0 at epoch) is defined as

o(s) =


a
e
ω
M0

 . (6)

The synodic period of the Jupiter and Saturn is 19.9 years. Hence, a long time may be required for the planets to
reach a configuration allowing the spacecraft to actually encounter Saturn. Therefore, the departure window must be
considered carefully when designing the trajectory. However, in this preliminary analysis we aim at determining the
effectiveness of the guidance strategy. Thus, we have not considered the launch window opportunities and we assume
that the error function depends only on the semimajor axis and eccentricity of the heliocentric orbit of the spacecraft,
i.e., =(a, e). Therefore, in the following, we shall focus on a and e exclusively, but the procedure is applicable to all
four elements.

We have designed a guidance strategy that maximizes the instantaneous rate of reduction of an error function
=(a, e), given an initial state vector s(0) = s0 and the differential equations Eq. (4) governing the motion of the
spacecraft. The effect of the propulsion system is linear with respect to || f ||. Therefore, the fastest reduction of
= requires maximum thrust at all times. The only free parameter is the orientation of the thrust vector (β)

f = fmax (sin βur + cos βuθ) . (7)

The optimal control law is determined by the conditions

∂

∂β

[
d= (o(s))

dt

]
= 0 and

d= (o(s))
dt

< 0. (8)

We compute the rate of change of the error using the chain rule:

d= (o(s))
dt

= ∇=T ·
do
dt
. (9)

For our particular case, where =(o) = =(a, e), the gradient is

∇= =

[
∂=
∂a
∂=
∂e

]
. (10)

The rate of change of the orbital elements can be expressed in matrix form as

do
dt

=

[
ȧ
ė

]
=

 ∂ȧ
∂ fr

∂ȧ
∂ fθ

∂ė
∂ fr

∂ė
∂ fθ

 · [ fr
fθ

]
= R · f. (11)

The components of matrix R are computed from Gauss’ planetary equations10

∂ȧ
∂ fr

= c1 e sin ν , (12)

∂ȧ
∂ fθ

= c1 (1 + e cos ν) , (13)

∂ė
∂ fr

= c2 sin ν , (14)

∂ė
∂ fθ

= c2 (cos ν + cos E) (15)
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where
c1 =

2ah
µ
(
1 − e2) ; c2 =

h
µ
. (16)

In the expressions above, ν is the true anomaly, E is the eccentric anomaly and h denotes the specific orbital angular
momentum. Taking the derivative of Eq. (7) with respect to β gives

∂f
∂β

= fmax

[
cos β
− sin β

]
. (17)

Combining Eqs. (8), (9), (11) and (17) yields the relationship for the optimal thrust angle:

∇=T · R ·
∂f
∂β

= 0. (18)

Let ∇=T · R =
[

b1 b2

]
= bT . Vector b is a function of the current state of the system and does not depend on the

thrust setting. Its components can thus be directly computed from the instantaneous state vector. Once b is known,
Eq. (18) can be solved for the thrust angle

b1 cos β − b2 sin β = 0 → β = arctan
b1

b2
. (19)

Equation (19) gives two distinct values of β spread 180◦ apart. The correct one is determined from the condition

bT · f < 0 ; (20)

the other value corresponding to the fastest increase of the error.

6. Application of the guidance law to the Jupiter-to-Saturn transfer

After the GA the thruster is powered on, generating a constant acceleration of 2.5 · 10−5 m/s2. The thrust direction is
continually adjusted using the strategy described in the previous section. The hyperbolic excess velocity upon Saturn
arrival is used as the error function, forcing the algorithm to minimize the relative velocity. Once this velocity falls
below a preset limit the motor is taken offline. We limited the duration of the post-Jupiter thrust arc to 4 years to keep
it within the operational limits of the thruster.

For the sake of simplicity, we use the square of the excess velocity as error function

=(a, e) = V2
ex = ‖v − vS ‖

2
r=rS

, (21)

where the subindex S denotes values of Saturn’s orbit:

rS = 9.537AU ; vS =

√
µ

rS
uθ. (22)

The square of the velocity of the probe upon intersecting Saturn’s orbit is

V2 = µ

(
2
rS
−

1
a

)
. (23)

Note that Eq. (23) is only physically meaningful if the trajectories of the probe and planet really intersect. For the time
being, we shall assume that this is the case. From the conservation of angular momentum, the circumferential velocity
at intersection is

V2
θ =

µa
(
1 − e2

)
r2

S

. (24)

By combining Eqs. (21) - (24), the error function becomes

=(a, e) = (Vθ − VS )2 +
(
V2 − V2

θ

)
. (25)

Substituting the variations of the velocity components yields the gradient of the error function:

δ= = µ
[ (

1
a2 −

1−e2

r2
S

VS
Vθ

)
2ae
r2

S

VS
Vθ

]
·

[
δa
δe

]
= ∇=T · δo. (26)
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In case the trajectories of the planet and spacecraft do not intersect, Eq. (25) gives nonphysical values (which may even
become negative in the most extreme cases). A simple fix is to replace it with

=(a, e) = (Vθ − VS )2 +
∣∣∣V2 − V2

θ

∣∣∣. (27)

Note that Eq. (27) does not compute the relative velocity if there is no intersection, but a useful error indicator is
obtained nonetheless (it decreases as the probe’s trajectory tends to the planet’s orbit). With this change, the error
function gradient for orbits that do not intersect becomes

∇=
∣∣∣
NI = µ

 1−e2

r2
S

(
2 − VS

Vθ

)
− 1

a2

2ae
r2

S

(
VS
Vθ
− 2

)  . (28)

Direct use of Eqs. (26) and (28) leads to poor performance of the guidance algorithm. Due to the absolute
value in Eq. (27), the gradient of the error function presents a discontinuity when the orbits of the spacecraft and
planet are tangent. The sudden change in slope forces the steepest descent algorithm into a zigzag path along the line
of discontinuity, degrading the performance. This is a common problem with steepest descent methods which can
be mitigated with an inertia term that smooths changes in the direction of motion. In our specific application there
is a much more efficient alternative because the correct path to follow when the problem arises can be determined
beforehand. It is precisely the curve

rα = a(1 + e) = rS , (29)

that is, the orbital elements of the spacecraft must evolve in a way that keeps the aphelion constant. To this end, once the
probe’s osculating Keplerian trajectory becomes tangent to Saturn’s orbit, the guidance algorithm switches to aphelion
hold mode. The thrust direction is chosen such that, at the end of the current time step, the predicted aphelion coincides
with the orbit of the planet:

rα +
drα
dt

∆t = rS , (30)

where ∆t is the time step of the numerical integrator. We can rearrange Eq. (30) as

drα
dt

=
rS − rα

∆t
= ¯̇rα, (31)

which expands into

∇rαT ·
do
dt

= ¯̇rα where ∇rα =

[
1 + e

a

]
. (32)

Using Eq. (11)
∇rαT · R · f = ¯̇rα. (33)

Let ∇rαT · R =
[

d1 d2

]
. Upon substituting Eq. (7), Eq. (33) becomes

d1 sin β + d2 cos β =
¯̇rα

fmax
= d3. (34)

The solution is

β = ϕ ± arccos
(

d3

l

)
. (35)

where

l =

√
d2

1 + d2
1 ; ϕ = arctan

d1

d2
, (36)

From the two solutions in Eq. (35), one must choose the value of β that causes the fastest rate of decrease of the excess
velocity.

7. Discussion

We present a collection of figures that illustrate the results of the transfer strategy. We set the minimum value of Vex

at 1 km/s (because further reductions do not yield appreciable reduction of the OI impulse) and also included an upper
limit of 1,3 km/s (to reduce clutter in the charts).
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• Figure 2 (left) shows the combinations of C3 and fly-by depth that fulfill the requirements, i.e., short Earth-to-
Jupiter transfer, maximum duration of post-GA thrust arc of 4 years, magnitude of hyperbolic excess velocity at
thruster cutoff between 1 and 1,3 km/s. As the departure trajectories studied are almost tangent to Earth’s orbit,
C3 and the fly-by depth are the most relevant parameters. Trajectories with a high perijove (above 4.5 · 106 to
6 · 106 km, depending on launch energy) give rise to post-GA ellipses with moderate eccentricity and semimajor
axis. These do not intersect Saturn’s orbit and a long thrust arc is needed just to reach the destination planet. As
the thrust duration is limited, the resulting trajectories fail to reach Saturn, or do so with a large relative velocity.
On the other hand, when the minimum distance to Jupiter is small (below 2 · 106 km) the post-GA trajectories
stretch much farther that the orbit of Saturn and the relative velocity is very high.

• Figure 2 (right) pictures the hyperbolic excess velocity as a function of the departure energy. It shows that it is
possible to achieve the minimum relative velocity even when C3 = 67.25 (km/s)2. Therefore, the constraint for
C3 is not the excess velocity, but the requirement of a short Earth-to-Jupiter transfer.

• Figure 3 (left) plots the combinations of post-GA thrust arc duration and C3 that meet the mission requirements.
The consumption of propellant is directly proportional to the duration of the thrust arc (assuming constant pro-
pellant flow rate). Thus trajectories with minimum length of the powered phase are desirable. All the points on
the upper row of the chart (4 years of thrust) correspond to excess velocities higher than 1 km/s (and below 1.3
km/s). The rest of the trajectories have relative velocities of 1 km/s (because the motor has been deactivated be-
fore the 4 years limit). The minimum thrust arc duration depends weakly on C3, and is always quite close to 3.67
years, even for low departure energies. This translates into 209 kg of propellant for the Jupiter-to-Saturn transfer
(20% of the assumed initial spacecraft mass). Note that the difference between the best and worst solutions in
terms of thrust duration is just 0.33 years, equivalent to less than 19 kg of propellant (under 2% of the initial
mass).

• In Fig. 3 (right) the total Jupiter-to-Saturn transfer time, including the thrust arc and the coast phase, is plotted
against C3. There is a moderate reduction (about 1 year) of the transfer time for higher values of C3, meaning
the coast phase is shorter (the duration of the thrust arc is almost constant).

• Figure 4 presents the total duration of the powered phase (including the pre- and post-GA thrust arcs) which
determines the total propellant budget. The figure shows that the minimum thrust duration ranges from 6.4
years at the lowest C3 to 6.1 years for high departure energy. The variation is mostly due to the Earth-to-Jupiter
segment. Given the characteristics of the launchers available, it is preferable to reduce the launch energy at the
expense of a slight increase in electric propellant consumption.

The most efficient trajectories are obtained using the minimum launch energy. Hence, we will restrict further discussion
to solutions with C3=67.25 (km/s)2.

Figure 5 (left) plots the hyperbolic excess velocity as a function of the fly-by depth for different values of the
initial flight path angle. It is possible to achieve the minimum relative velocity for depths between 1.5 and 3.5 million
kilometers. The total time that the propulsion system remains active is shown in the right plot. All the trajectories that
minimize the excess velocity have comparable total thrust duration, ranging from 6.44 to 6.85 years. Their Earth-to-
Saturn transfer time varies between 12.3 and 13.1 years (see Figure 6.

7.1 The optimal solution

The optimal solution (minimum propellant budget) corresponds to γ=0 and rπ = 2, 5 · 106 km. The total propellant
consumption is 367 kg. This includes 158 kg for reaching Jupiter and 209 kg for reducing the relative velocity at
Saturn. The total duration of the transfer is 13 years. The orbital elements immediately after the GA are a0=7.02
ua and e0=0.386. Thus, the initial aphelion is 9.73 ua which is close to the orbital radius of Saturn (the post-GA
osculating ellipse is almost tangent to Saturn’s orbit). Figure 7 (left) shows the evolution of the semi-major axis,
eccentricity, excess velocity and thrust angle against time. To accommodate the variables to the scale of Figure 7, some
have been offset or scaled: the semi-major axis has been offset by its value immediately after the encounter with Jupiter
(a0), the eccentricity e has been scaled by a factor of 3, and the hyperbolic excess velocity Vex has been offset by its
target value (1 km/s). The complete Earth-Jupiter-Saturn trajectory is displayed in the right subplot.

7.2 Electrical power production

The average solar constant drops to 50.5 W/m2 at Jupiter and 15.0 W/m2 at Saturn. Generating 600 W of electric power
using solar panels would require a very large array, incompatible with a small spacecraft mass. Radioisotope power
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systems (RPSs) are the only viable alternative currently. This technology is mature and has flown on all deep space
missions to the outer solar system. The GPHS-RTG, the standard radioisotope thermoelectric generator (RTG) used
in all NASA probes, produces 285 W at beginning of life and 255 after 5-10 years of operation with a mass of 55 kg
(Bennett, Lombardo & Rock2). A set of three units would be able to power the thruster and provide some extra energy
for other systems. Moreover, the waste heat from the RTGs can be used to maintain the temperature of the spacecraft
without draining the electric system. Upon arrival at Saturn, the generators can be used to drive the scientific payload.

8. Conclusions

This work presents an optimal control law for interplanetary low-thrust transfers. The technique is, in essence, an
application of the classical gradient descent optimization method (Cauchy6). The resulting steering law is somewhat
reminiscent of the Q-guidance method for missile targeting, with the hyperbolic excess velocity taking the place of the
velocity-to-be-gained vector (see Battin1). When applied to the design of a transfer to Saturn via gravity assist with
Jupiter, the technique finds the thrust direction that maximizes the rate of reduction of the hyperbolic excess speed. For
the Earth-to-Jupiter segment the acceleration is imparted in the direction of motion to achieve the fastest increase of
the orbital. Two major benefits of the strategy are:

1. The minimum launch C3 is reduced from 77 (km/s)2 (Earth-to-Jupiter Hohmann transfer) to 67.25 (km/s)2.
This permits an increase in injected payload of 800 kg based on the characteristics of a typical heavy launcher
(Benson, Riehl & Oleson3) or, conversely, using a smaller booster for the same payload. The payload increase
completely offsets the propellant required by the electric motor, which is just 158 kg.

2. The post-GA thrust arc reduces the hyperbolic excess velocity at Saturn to 1 km/s using 209 kg of propellant.
This lowers the orbit insertion impulse to 148 m/s for the same conditions as the Cassini/Huygens mission,
which required a ∆V of 622 m/s. The lower impulse opens the door for alternative braking methods, such as
electrodynamic tethers (Cosmo & Lorenzini,7 Sanmartín et al.,17 Sanmartín, Peláez & Carrera-Calvo16), which
have potential for large efficiency improvements.

The concept presented paves the way for missions to explore Saturn and its moons with spacecraft masses below one
tonne (as opposed to 5600 kg for Cassini/Huygens) using existing electric propulsion technologies. This enables use
of smaller launchers, significantly reducing the overall mission cost. Besides, the control-law is robust because it does
not rely on a predefined reference path. Given that the only inputs are the current and target states, it can compensate in
real time for deviations from to the nominal trajectory (i.e., separate course correction maneuvers are not needed). The
algorithm is very general and is not limited to the specific application described here. For example, we applied it to
optimum low-thrust transfers between libration points of the Saturn system. The algorithm delivers good performance
on commodity CPUs. Computing 10 000 trajectories in a current laptop processor (Core i7-8750H) needs under 1,3
CPU seconds.
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Figure 1: Left: Departure flight path angle limits for short Earth-to-Jupiter transfers. Right: Earth-to-Jupiter transfer
time vs. launch C3 for short transfers.

Figure 2: Left: Combinations of launch C3 and fly-by depth that respect the mission constraints. Right: Saturn Vex vs.
launch C3

Figure 3: Left: Jupiter-Saturn thrust arc length vs. launch C3. Right: Jupiter-to-Saturn transfer time vs. launch C3.
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Figure 4: Total length of the powered phase vs. launch C3.
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Figure 5: C3=67.25 (km/s)2. Left: Saturn Vex vs. GA depth. Right: Total length of the powered phase vs. GA depth.
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Figure 6: Earth-to-Saturn transfer time vs. GA depth (C3=67.25 (km/s)2).
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Figure 7: The optimal solution: γ=0, rπ=2.5 ·106 km, C3=67.25 (km/s)2. Left: Semi-major axis, eccentricity, hyper-
bolic excess velocity and thrust angle vs. time after GA. Right: Earth-Jupiter-Saturn trajectory; powered (solid pink)
and coast (dot-dashed black) phases; post-launch (dotted green) and post-GA (dashed blue) osculating ellipses.
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